A Monte Carlo simulation of the reaction to form antihydrogen by positronium impact upon antiprotons has been undertaken. Total and differential cross sections have been utilized as inputs to the simulation which models the conditions foreseen in planned antihydrogen formation experiments using positrons and antiprotons held in Penning traps. Thus, predictions of antihydrogen production rates, angular distributions and the variation of the mean antihydrogen temperature as a function of incident positronium kinetic energy have been produced.
Introduction
Although antihydrogen has been created at CERN [1] , and more recently at Fermilab [2] , a primary goal of antimatter research is the creation of atomic antimatter at temperatures sufficiently low, typically less than 1 K, to enable it to be trapped using neutral magnetic traps (e.g. [3] ). Two collaborations, ATHENA [4] and ATRAP [5] , have experimental programmes approved for operation at CERN's forthcoming antiproton decelerator facility with the aim of achieving this goal. The primary motivation for these programmes is that, if low-energy antihydrogen is produced and trapped in sufficient quantities, it may then be used to test fundamental symmetries (see e.g. [6, 7] ). As an example, if the two-photon 1S-2S transition is measured precisely then the antihydrogen Rydberg (the anti-Rydberg) constant may be determined. The CPT theorem requires that the Rydberg and the anti-Rydberg are equal, so a precise comparison of the two would constitute an important test of this theorem. The 2S state is metastable with a lifetime of around 0.14 s and a correspondingly narrow linewidth (1 Hz) , and with the 1S-2S transition frequency being ∼ 2.5 × 10 15 Hz, offers the prospect of precisions better than 1 part in 10 15 . Currently, the most precise determinations of this quantity for hydrogen are in the range 10 −12 -10 −13 [8, 9] . It has been envisaged that spectroscopy of antihydrogen approaching this accuracy would most easily be performed using trapped atoms [10] , where the few atoms which will be created can be repeatedly used non-destructively or such that escape from the trap via the induction of a spin-flip transition (and subsequent annihilation on surrounding material) can be used as an efficient means of detecting the resonant transition [4, 11] . Thus, it is necessary to produce antihydrogen with very low kinetic energies (equivalent to temperatures of 1 K or lower) and in an environment where it is possible to trap the atoms and direct lasers onto them.
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At the antiproton decelerator [12] , it is hoped that around 10 7 cold (temperatures at or below 4.2 K) antiprotons can be stored in a Penning trap. Experiments with such traps at the now-defunct low-energy antiproton ring (LEAR) have clearly demonstrated the feasibility of this goal [13] [14] [15] [16] [17] . As an example, the PS200 experiment succeeded in capturing 10 6 antiprotons from a single machine shot (which contained around 10 8 antiprotons at a kinetic energy of approximately 6 MeV), the majority of which were electron-cooled to sub-eV temperatures [16] . Once the antiprotons are cold, further bursts can be injected into the Penning trap without appreciable disturbance of those already trapped so that the trapping/cooling procedure can be repeated. Such antiproton stacking has been demonstrated at LEAR [15, 16] . In the future, the total number of antiprotons which may be accumulated will be limited by the intensity of the antiproton decelerator output, which is expected to consist of around one shot, containing 10 7 6 MeV antiprotons, per minute [12] . Whilst a supply of antiprotons and positrons is clearly necessary for the formation of antihydrogen there is, however, some uncertainty as to the method by which these will be made to combine to form the anti-atom. This is one of the motivating factors of the present work. A number of processes by which low-energy antihydrogen may be formed have been proposed (see e.g. [6, 11] for reviews), each with its own merits and difficulties. One of these is the positronium-antiproton reaction [18] [19] [20] ,
and it is this process which is investigated in this contribution. Given the recent experimental demonstration [21] of the charge conjugate of (1) (i.e. the formation of hydrogen in protonpositronium collisions) and the detailed theoretical support for this reaction (see, e.g., [22] for a review and [23] [24] [25] [26] [27] for recent accurate calculations), we may confidently predict not only the antihydrogen formation rate, but also the kinematics of the reaction by the use of assumed antiproton and positronium spatial and velocity distributions. These are discussed in section 3, which details the Monte Carlo calculation performed. The following section describes the total and differential cross sections used in the simulation.
The input cross sections
The cross sections used for these simulations were derived from two different model calculations and were almost the same as those published by Mitroy and Ryzhikh (1997) [27] . The cross sections at energies below a positronium kinetic energy of 6.8 eV were taken from a close-coupling (CC) CC (13, 8) model of positronium-proton scattering [25] , which included 13 hydrogen-and eight positronium-type states in the calculation. Since pseudostates were included in both types of state manifold, the cross sections are close to exact. This accuracy was confirmed by the excellent agreement of the CC (13, 8) model calculations of positron-hydrogen scattering [26] with the latest variational calculations [28] . The cross sections at incident positronium energies larger than 6.8 eV are taken from CC(28, 3) model calculations [23, 24] in which a large L 2 basis of positron-hydrogen channels (28 s-, p-and d-states) supplemented by the positronium (1s, 2s and 2p) states was used. These cross sections reproduce existing ionization and positronium formation cross sections and are consistent with a similar large-scale close-coupling calculation using the R-matrix method [29] .
Additional calculations were done prior to computing the differential cross sections and performing the simulations. When the momentum space close-coupling equations were originally solved, the computationally expensive rearrangement kernel was omitted from the calculations for the higher partial waves. The criteria used to justify the omission was the convergence of the integral cross section for the rearrangement reactions. However, the convergence of the differential cross section with respect to the inclusion of additional terms in the partial-wave expansion is much slower. Therefore, additional fully coupled solutions of the integral equations for partial waves with larger angular momenta were computed. For example, the T -matrix set at 6.8 eV incident positronium energy was extended to J = 18, while the T -matrix set at 20.4 eV was extended to J = 22. The resulting differential cross sections should have an accuracy of better than 5% (with respect to the inclusion of additional partial waves) at most energies and angles. Some of the final normalized differential cross sections, taken from the program input array, are shown in figure 1. Note that the differential cross sections become more forward peaked as the positronium energy increases, becoming virtually indistinguishable above 16.3 eV, so that the use in the simulation of the cross section for this energy for the remainder of the energy range up to 50 eV is justified.
The Monte Carlo simulation
The experimental procedure simulated by the program included an incident positron beam striking a surface (known, in this context, as a converter) from which positronium atoms were produced, in the backscattering geometry, and emitted towards an antiproton cloud (situated approximately 10 mm from the surface of the converter). As reported previously [31] the distribution of positronium thus produced contains two components. One is due to so-called workfunction emission, in which the maximum kinetic energy of the positronium is the workfunction for the particular emitting surface, with the other, which has a wider distribution of kinetic energies stretching to higher energies than the workfunction, arising from positronium formation by backscattered positrons. The complete positronium energy distribution used was thus obtained by the synthesis of the reported distributions from aluminium for workfunction [30] and backscattering [31] emission. The energy distribution from the backscattered component overlaps the maximum cross section for antihydrogen formation (positronium kinetic energy in the range of 5-15 eV) as well as the energy at which the antihydrogen is expected to have the minimum recoil momentum (6.8 eV, see below). The distribution of the workfunction emission was a narrow peak with a maximum at the aluminium positronium formation potential, which has a magnitude of 2.6 eV. Note that only ground state ortho-positronium was considered in this work since little excited state emission occurs [32, 33] . It has also been shown [34] that the positronium yield is unaffected by holding the aluminium at cryogenic temperatures (which are required by the superconducting magnets used to provide the magnetic field for the Penning trap), provided ultra-high vacuum conditions are maintained. The spatial distribution of the positronium atoms about the surface of the converter was taken, in the absence of detailed information regarding positronium emission angles, to be a cosine distribution which is characteristic of emission with no preferred direction. Thus, a flux of positronium with discrete energies and randomly selected, weighted, angles were taken to emanate from the aluminium surface. Once a positronium atom encountered the antiproton cloud the total cross sections described above were employed in Monte Carlo calculations to determine whether reaction (1) took place for a given positronium-antiproton interaction. If a reaction took place the differential cross sections were employed to determine the electron emission angle. In order to make the computing time practical the simulations were speeded up by using artificially high cross sections (enhanced by a factor of 10 7 ), which were then scaled down to produce the true reaction rates. Care was taken to avoid unrealistic reaction dynamics due to the high cross sections, for example all positronium forming antihydrogen as soon as it entered the antiproton cloud. No discernible change in the dynamics was observed when the enhancement factor was deliberately varied over two orders of magnitude.
The parameters used in the calculation are intended to simulate realistic conditions for antihydrogen production in the ATHENA Penning trap. Thus, a typical incident positron beam flux of around 10 7 s −1 (as may be obtained from a commercially available radioactive source using a solid neon moderator [35] [36] [37] ) was modelled in collision with the aluminium converter, and the resulting positronium atoms then interacted with 10 7 antiprotons, assumed to be held in a Penning trap arrangement in a cylindrical cloud with a diameter of 3 mm and a length of 5 mm [16, 38] . The antiprotons were considered to be a collection of single particles inside a box maintained at a constant temperature (4.2 K). We therefore characterized the speed distributions of the antiprotons as one-dimensional Maxwell-Boltzmann distributions in the y-and z-directions, while the speed in the x-direction (corresponding to the axis of the trap, see below) was assumed to be negligible [38] , since the confining electrostatic field of the Penning trap causes the cloud to oscillate coherently, and therefore slowly, along this axis.
The collision geometry used in the simulation in terms of spherical polar coordinates (SPC) is shown in figure 2 . If the incident positronium moves along vector A then the electron emitted following the formation of an antihydrogen atom will move along vector B, where B is a rotation of A. This rotation consists of a random and equally weighted azimuthal rotation (not shown in figure 2 but henceforth denoted by φ ) and a rotation in θ which is determined by the differential cross sections described above, and is denoted by θ . In order to calculate the dynamics of the antihydrogen atoms in the initial positronium coordinate system it is first necessary to express the electron vector velocity in this system. We must therefore perform a coordinate transformation between an arbitrary system, which we define to be a spherical polar system in which the vector B is in the z-direction, and the original system. Then, it can be shown [39] that the components of the electron velocity in Cartesian coordinates are given by v x = v(cos θ sin θ cos φ cos φ + sin θ cos θ cos φ − sin θ sin φ sin φ ) (2) v y = v(cos θ sin θ sin φ cos φ + sin θ cos φ sin φ + sin θ cos θ sin φ) (3)
where v is the electron speed. It may be verified easily that (2)- (4) reduce to the usual Cartesian components for v x , v y and v z in SPC when θ = φ = 0 • . Knowing the positronium, antiproton and electron energy and the momenta in the coordinate system of figure 2 it is a simple matter to calculate the energy and momenta of an antihydrogen atom created in this process. The program will then write a data file, specifying the mean temperature and the angular distribution of antihydrogen atoms created, for each incident positronium energy. Typically, 10 7 positronium trajectories were sufficient to achieve good statistical resolution.
Results
Over the range of all positronium kinetic energies, the simulation has predicted an antihydrogen production rate of 8.4 atoms/h with the parameters specified above, namely a primary positron beam of 10 7 e + s −1 and 10 7 antiprotons trapped at 4.2 K. Of these 10% were created (in the 1S state only) with a temperature below 1 K. This corresponds to a trapping rate of roughly 20 atoms per day. Only the ground state (1S) and the first two excited states (2S, 2P) were considered in this calculation, thus underestimating somewhat the total production rate. Of these, the fractions created in each state were 44% (1S), 8% (2S) and 48% (2P). In order to see whether any positronium kinetic energies were favoured, the mean antihydrogen temperature as a function of the incident positronium energy was calculated and is shown in figure 3 . The gross energy dependence is determined primarily by the increasing positronium momentum, and the onset of this behaviour is indicated in the inset. At lower energies the differential cross sections tend to be less forward peaked, which results in correspondingly higher mean antihydrogen temperatures, countered, of course, by the overall reduction in positronium momentum. It is in this region where the recoil momentum caused by the 6.8 eV difference in the binding energies of (ground state) positronium and (ground state) antihydrogen becomes important. So, a temperature minimum occurs when the momentum of the emitted electron is equal to that of the initial positronium. Then, neglecting the antiproton momentum, the antihydrogen will have zero momentum, and hence the mean temperature will be zero. We expect only an approximation to this and so there will be a non-zero minimum temperature corresponding to the case where the difference in the momentum of the positronium and the electron is at some minimum level. (This temperature also depends on the actual antiproton temperature and the positronium angular spread as well as the differential cross sections.)
To see where the minimum might be expected we consider analytically the creation of an antihydrogen atom for which the antiproton velocity is zero and θ = 0
• . Then, from conservation of energy and momentum, we find that
where v H and M refer to the speed and mass of antihydrogen, respectively, v Ps is the positronium speed, m is the electron mass and E is the difference in ground state binding energy of antihydrogen and positronium (6.8 eV). By differentiating (5) with respect to v Ps and equating to zero we find that the positronium kinetic energy is 6.8 eV at the minimum. It may be seen from figure 3 that this is very close (within the grid point energy resolution for which the differential cross sections were calculated) to the value found in the simulation. This occurs because, as shown in figure 1 , the cross section is very forward peaked. When the positronium kinetic energy is below 6.8 eV the momentum of the emitted electron is greater than that of the positronium due to the difference in binding energies of ground state antihydrogen and positronium, such that the antihydrogen must absorb the excess by recoiling in the opposite direction to the electron, thus increasing its mean temperature as shown in figure 3 . It has been pointed out [40] that for ground state antihydrogen and positronium the limiting temperature (that is, for v Ps = 0 and stationary antiprotons) is 28.6 K, which is approached in figure 3 . Excited state antihydrogen is created only above the threshold positronium kinetic energy (3.4 eV) at a mean temperature of ∼ 20 K, which increases monotonically with positronium energy.
The behaviour described above also gives rise to the angular distribution shown in figure 4 , which is that of the antihydrogen atoms created throughout the positronium energy range 0-50 eV. Recoiling antihydrogen (formed by positronium with energies less than 6.8 eV) always moves in the direction of the converter and, since a large fraction of the antihydrogen atoms are created when the positronium energy is below this level, we find that the ground state antihydrogen is preferentially produced in the 'backscattered' direction. The excited state •, ground state; , 2S and , 2P antihydrogen. The inset shows the low-energy region in more detail. In this latter calculation only the specific differential cross sections were used at each energy for increased resolution. Error bars are typically within the size of the points. antihydrogen, with a binding energy less than that of positronium, does not experience this recoil effect and is therefore produced entirely in the forward direction.
Conclusion
We have calculated the production rates and angular and temperature distributions of antihydrogen, produced by cold antiprotons in collision with positronium, using realistic parameters. The study has produced the best estimates of antihydrogen production rates from this reaction and has thus facilitated more detailed comparisons with the various other reactions which may be used to form cold antihydrogen [6] .
However, the predicted rate of ∼ 20 cold, trapped antihydrogen atoms per day is rather low. In order to improve this rate, experimental studies of positronium conversion, specifically of the efficiency of conversion and the corresponding positronium energy distribution, in an environment similar to that in the Penning trap should be carried out, with the objective of finding a converter with the highest possible efficiency that provides positronium with kinetic energies close to 6.8 eV. In the meantime we draw attention to the need for careful consideration of the positronium converter used in any attempt to carry out the reaction.
